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Abstract. In a previous paper (Eilbeck, Matsutani and Onishi, 
Phil. Trans. R. Soc. A 2011 369, 1245-1263), we introduced 
new two- and three- variable addition formulae for the Wcicrstrass 
elliptic functions in the special case of an equianharmonic curve. In 
the present note we remove the restriction to the equianharmonic 
curve, and further extend these ideas to the general elliptic curve. 
We also discuss possible generalisations to n-variable formulae 



1. Introduction 
Consider the Weierstrass equation 



'i.r 



p'{uf = Ap(u) 3 - g 2 p(u) - g 3 , 



where g 2 and g 3 are constants. The functions a(u) and p(u) = — logcr(u) 
from Weierstrass's theory of elliptic functions are well studied. There 
is an especially well-known addition formula 



;i.2) 



a{u + v)a{u — v) 
a(u) 2 a(v) 2 



p(u) - p(v) 



(see p. 451 of [10], for instance). In general, for n variables (j — 1, 
n), it is known that 



CT ( u (l) +u (2) + ... + u (n) )n . < . (7 
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These are a reflection of the involution of the elliptic curve associated 
to (11. ip . Some of the related addition formulae may be found on p. 458 
of [10], for example. 

There is also a three-term analogy of equation (11.21) . which reflects 
the cyclic automorphism group of order three, in the so-called equian- 
harmonic case where the Weierstrass invariant #2 = (and gs is as- 
sumed non-zero). Let ( be a primitive cube root of unity, (without loss 
of generality we may take ( = (—1 + V~ 3)/2 ). Then the functions 
specialised to this case satisfy 

a{u + v)a{u + Cv)v(u + C 2 v) 1, ,, . „ 
a[u) 6 a\y) A 2 

This was given as Proposition 5.1 of [3]. 

We have similar, but more complicated, generalizations for certain 
specialized trigonal curves of genus three, (Theorem 10.1 in [3] and 
Theorem 5.4 in (2]), and genus four, (Theorem 8 in [5]). The aim of 
this paper is to introduce generalisations of (I1.3P similar to (jl.4p . but 
for the most general elliptic curve, (12. ip below. We describe the n- 
variable form of such formulae in Theorem 14.11 and then give explicit 
expressions in the case n = 2 (Theorem I5.ip and n = 3 (Theorem 16. ip . 
We also give some comments on the cases with four variables or more 
at the end of this paper. 



2. Preliminaries 

The reader is referred to [7] for the details of the material in this section. 
Define 

(2.1) f(x, y) = y 2 + (fixx + /i 3 )y - (x 3 + fi 2 x 2 + ji A x + /i 6 ). 

We consider the curve ^ defined by f(x, y) = with the unique point 
oo at infinity. Although we assume ^ is non-singular, the formulae 
in our Theorems are valid even if ^ is singular. It is known that any 
elliptic curve over any perfect field is written in this form (see [JJ, 
Chapter 8, or [9], Section 3 of Chapter 3). The results for this curve 
are valid as identities on power series over quite general base rings and 
are not restricted to the case of the complex numbers. 
We may define weights, denoted wt, by 

w t(x) = -3, wt(y) = -2, wt(iij) = -j. 

From this definition, it is easy to see that any formula in this paper is 
of homogeneous weight. In general a numerical subscript throughout 
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this paper will refer to the corresponding (negative) weight, except 
for the classical constants #2 and g%, which have weight —4 and —6 
respectively. 

Any differential of the first kind is a constant multiple of 
, . dx dx dy 

fy 0, y) 2y + (fax + fa) fx (x, y) ' 

where f y and f x denote -^f and J^/, respectively. Let A denote the 
lattice consisting of the integrals of this differential along any closed 
paths: 

A = I iu 



We define two meromorphic functions x(u) and y(u) by the set of equal- 
ities 

Mx(u),y(u)) 

(2.2) u= u>, f(x(u),y(u))=0. 

J 00 

Clearly, these are periodic with respect to A and have poles only at 
the points in A. Note that it follows from these definitions that the 
variable u is of weight 1 : wt(tt) = 1. 
From the definitions in (12.21) we have 

x(-u) = x(u), y{-u) = y(u) + fax(u) + fa. 

Both x(u) and y(u) have a pole only at u — 0, of order 2 and 3, 
respectively. 

Let us take a local parameter t around the point 00 satisfying 
( 2 -3) V = lr 

This choice of a local parameter is different from the usual one : t = 
—x/y. Using ( 12. 3 p and (12. 2p . we can obtain the power series expansions 
of x[u) and y(u) beginning with 
(2.4) 

x(u) = u 2 - (j^fa 2 + \fa) 

/ 1 4 1 21 1 2 1 \ 2 
+ l^^ 1 + 30^2^1 - 10^3/^1 + 15/^2 - ^fa)U H , 

y(u) = -U~ 3 - \faU~ 2 + (^/il 3 + \fafa - I fa) H • 

For two variable points (x, y) and (z, w) on we define 

n , x y + w + niz + fi 3 

il(x,y,z,w) = , 

x — z 

(y + W + faZ + fa)dx 



(x - z){2y + fax + fa) 
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These have a pole of order 1 with residue 1 at (z, w) when regarded as 
a form with variable (x, y) and (z, w) fixed. Indeed, since (2w + \i\Z + 
^3) = fy( z i w ) when (x,y) = (z,w), the residue at (z,w) is 1, and the 
zeroes of numerator and denominator at (x, y) = (z, —w — fi\Z — ^3) is 
cancelled. 

For a differential 77 of the 2nd kind with pole only at 00, we define 
£(x, y; z, w) = £to(x, y; z, w)dz - u(x, y)ij(z, w), 
where (x,y), (z,w) G ^ . Then, it is easy to check that the differential 

— xdx 



(2-5) rj(x,y) = - 

2y + /iix + /i 3 

is a unique form, up to addition of a constant times u, that satisfies 

£(x,y; z,w) = £{z,w]x,y). 

We denote the form (12. 5ft by 77 from now on. Let a and f3 be a pair of 
two closed paths on ^ which is a representative of a symplectic base of 
the homology group Hi^, Z). We let 7/ and rj" be periods of r\ with 
respect to the closed paths a and (3. In general, for a given v G C, we 
denote by v' and v" the real numbers such that 

11, a a 

V = V LO + V UJ . 

Let 

L(u, v) = u(v'r]' + v"r)") 

for u and v G C. We define the sigma function of C by 
(2.6) 

a{u) = riv cA (uj'~ l uj") ■ — -exp ( - \u 2 t]'uj'~ 1 )^ \ 

ATX [ 2 . 

where ?7 Dcd (ci; / ~ 1 a; // ) is the value of Dedekind's eta function at uj'~ 1 uj" . 
It is easily checked that 



/ 1—1 1 /— 1 //\ 

[U U\LO LO ), 



(2.7) a{-u) = -a{u). 

It is known that the cx-function does not depend on the choice of sym- 
plectic base a and /3 of ifi(^, Z), and that it has the following quasi- 
periodicity property: 

Lemma 2.8. The a-function satisfies 

(2.9) a(u + £) = X (i)o-(u)expL(u + l£,£) (£ G A). 
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The cr-function may be represented by a series expansion starting 
with 

a(u) = u + (X 2 + /i 2 )(|[)n 3 + (/Ix 4 + 2fi 2 'P 1 2 + /"3A*i + /J-2 2 + 2[i 4 )(j i )u 5 

+ (7^ 6 + 3 / u 2 /I 1 4 + Q^zV-i + 3/i 2 2 /ii 2 + 6pi>4Pi 2 

+ 6^3/12^1 + /^2 3 + 6/i 4 /i 2 + 6/i 3 2 + 24/i 6 )(i)n 7 H , 

where /I 1 = //i/2. 

Through out this paper, for simplicity, we use Z|jui, /i 2 , /i 3 , /x 4 , /i 6 ] = 
Z[/z] and Q[/xi, /Lt 2 ? A*3 ? A*4 5 A*6] — Q [/-*]• We remark here that (Hurwitz 
integrality) this expansion is of the form 

(2.10) a(u) = 22 A n — with A n G Z^, /i 3 , fi 2 , A*4, A*e]- 

71.. 

n=l 

However, it is known that 

00 n 

(2.11) *(«) 2 = £4^f withi^GZM. 

n=2 

On these facts the reader is referred to [7|. This integrality of the co- 
efficients of this expansion is taken up at Remark 14.71 below. Logically, 
in this paper, we need only the fact A n G Q[/x]. 
We now define as usual the elliptic functions 

d 2 d 

(2.12) p(u) = -—log a (u), p'(u) = —p(u). 

Then we have 

(2.13) p(-u) = p{u) and p'(-u) = -p\u). 

by (12.71) . Our p(u) for the general curve is slightly different from Weier- 
strass's. Our p(u) has the expansion, 

/ii 2 + 4/x 2 



.(u-£) 2 £V 12 ' 

which is shown by the situation of zeroes of a(u). 

Comparing the power series expansions in (12.41) and the essential 
part of the expansion of p(u) with respect to u obtained by (j2J), we 
have 

p(u) = x(u), 

(2.14) 

p'(u) = 2y(u) + ^ix(u) + /i 3 . 

If the parameters in ( 12. ip take values Hi = [12 = fJ>3 = 0, /i 4 = —4^2, 
/i6 = — 1<73, then the function p{u) defined by (12. 12ft satisfies the clas- 
sical equation (11.11) . Moreover the function a{u) defined in (12.61) is 
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exactly the same as Weierstrass sigma function. Under such a trans- 
formation the results of this section map to the well-known results for 
the Weierstrass functions. 



3. Conjugate points 

For a variable point (x, y) on ff, we have three points (up to mul- 
tiplicity) with the same second coordinate y. We will denote them 
by 

(x,y), (x*,y), and (x**,y). 

Moreover, for 

r{%,v) 

(3.1) v= u, 



DC 



we define 

r(x*,y) r(x**,y) 

v* — uj, and v** — u. 

J oo J oo 

Here the paths of integration are defined as the continuous transfor- 
mations by taking * or ** for all points on the path in ( 13. ip . 

Lemma 3.2. In the above notation we have 
(3.3) v + v* + v** = 0. 

Proof. Since, for a given y, the x, x*, x** are the solution of the equation 
f{X, y) = of X, we see f{X, y) = -{X - x){X - x*){X - x**). So 

f x {x,y) = -{x-x*){x-x**), 
f x (x*,y) = -(x* - x)(x* - x**), 
f x (x**,y) = -(x**-x)(x**-x*). 

Since 

1 1 1 _Q 

{x — x*)(x — x**) (x* — x)(x* — x**) (x** — x) (x** — x*) 
we find 

dy dy dy _ 

f x (x,y) f x (x*,y) f x (x**,y) 
and hence the desired equality. □ 

Note that if i E A then £*, t* G A, and that i + t + t* = by 
Lemma 13.21 
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Using the curve equation (12. ip and a local parameter ( 12. 3ft we may 
obtain an expansion beginning 
(3.4) 



x 



-2 1 -1 1 / 1 o 1 1 \ 

* +3^i* _ 3^2+ ( -34^1 -32^1 + 3/^3! 

1 4 1 2 1 1 2 \ 2 

+ (35/^ + 33/^1 - g^sMl + 7j^2 - /i4 I * 

6 ^ .... 4 1 ^ .... 3 1 ( 2 2 



+ 1 -ggMl -ge^Ml +^3/^1 +^-^2 + 3T /X 4 jMl 

2 1 2 2 3 1 1 \ 4 ^/ 5n 

+ 77^2/^1 - ^3 - 777^2 + TT^/M/^ - 77/^6 I t + 0(t ). 

By looking at the recursion relation giving this expansion, we see this 
expansion belongs to Z[/Lt][[|i]]. 

Throughout this paper, ( is a fixed primitive cube root of unity. 
Transforming £—>■££ and t — > ( 2 t gives rise to similar expansions of x* 
and x** in terms of t. Using the definition of u and a formal reversing 
of the function 1 1-> v, we expand the function v t. Substituting this 
into the expansions of t 1— > x* and 1 1— > x* gives expansions 



(3.5) 



v 



** _ /-I 



C 2 v + ---€Z[/x,C][[W 



This implies that o~(v*)/o~(v) and a(v**)/a(v) are power series of v with 
coefficients in Q[fj]. 



4. New Addition formula (General form) 



Our new addition formula in general form is stated as follows: 
Theorem 4.1. Let u^, u^ 2 \ u^ 1 ' ben-variables. Then 

<t(uW + M (2) + • • • + M (n) ) Ui<j + « 0> ) °( U ^ + uU) **) 

^ n?=i*(" W) ) 2n+1 ~M" 0> M" (2) **) J ' 

is a polynomial in the x(u^') and y(u^) for j = 1, ... , n of weight 
— {n 2 — 1) over the ring Q[/x]. Moreover, if Hi = [12 = A*4 = 0, it is 
symmetric with respect to any exchange 

(x{u®),y{u®)) <— > (x(w (i) ),?/(w (j) )). 

Proof. Regarding (14. 2 p as a function of each vP\ we can check that 
it is meromorphic and periodic with respect to A, (see the proof of 
Theorem 15. II for details on such checks). Hence, it must have a rational 
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expression in terms of x(u^), yiu^) for j = 1, ... , n. For arbitrarily 
fixed j, let v = u^>. Then as a function of v, (14.21) has its only pole at 
v — (of order 2n — 1). By counting, it is of weight 1 + n(n — 1) — 
n(2n — 1) = — (n 2 — 1). Therefore (14.2ft is a polynomial of the x(u^) 
and y{u^>) of weight — (n 2 — 1). 

To get the right hand side we use the method of undetermined coef- 
ficients as follows. Firstly, we prepare the monomials 

n 

(4.3) Y[x{u {j) fy{u {j) f 

3=1 

of weight — (n 2 — 1) or larger, where pj are non-negative and Ej are 
or 1. By looking at the leading terms of these monomials, we see that 
they are linearly independent over Q(fi). Of course, there are only 
finitely many such monomials. Secondly, set the right hand side as 

n 

(4-4) C {Pj ,e j} X{x{u^ry{u^f 

{Pj,£j} 3=1 

with undetermined coefficients C{p. )Ej } G Then, after rewriting 

the right hand side by using (12.141) as a rational function of a(u^), 
a'(n^), o"(u®), o"'(u®) for j = 1, • ■ •, n, where <r'(u) = £a(u), 

= i&°"( M )> and = i? cr ( M )> we multiply 

n 

\[a{u^) 2n - 1 

3=1 

to the both sides. Then we get the following equality: 
a(u {1) + m (2) + • • • + w (n) ) Y[ a(u {i) + w (j >) + u (j)**) 

x(a power series of it^s with coefficients in Q[/x]) 

= a polynomial of a(u^'), a'(u^'), a"(u^') for j — 1, • • •, n. 

Here, we used that a(u*)/a(u) and a(u**)/cr(u) are power series of it 
with coefficients in the ring Q[/i]. Now, we focus to each term of the 
form 

n 

(4.5) Y[a'{u ij) ) s > a{u u) ) k > 

3=1 
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for some set {sj > 0, kj > 0} in the right hand side. Since 



a"(u)a(u) 



x[u 



y{u) 



a'(u) 2 



and 



-\a"'{u)a{uf + %a"(u)a'(u)a(u) 



a'(u) 3 



a"(u)a(u) - a'(u) 2 ^ 
2 ' a(u) 2 2 ; 



it is clear that the term (14. 5 p comes from a unique term of (14.31) . So 
that, if we expand the right hand side as a power series with respect 
to {u^'}, the leading terms 



(4.6) 



) k i 



from (14. 5 p comes from a unique term of (14 .4p . say 



n 



(',„,. 1 1 1 x(u^fy(u^ 



and has the coefficient ±C{ Pj . j£i }. Now, by comparing the two sides with 
respect to the term (14.61) . we see the coefficient C{ p ^ £j } must belong 
to Q[fj]- The last assertion is proved by the following formula: if 
/^i = ^2 = yU4 = 0, we have 

a((u) = C,a(u) 

(See [1], Lemma 4.1), and that u* = (u, u** = ( 2 u. Namely, the 
left hand side in this case is symmetric with respect to any exchange 
uW < — y □ 



Remark 4.7. Our computations suggest that the right hand side of 
(14.21) has coefficients in Z[/x]. This phenomenon may follow from (12.101) 
and (12.111) . Because of this, Theorem 14. ll may be valid as a power series 
identity over quite general base rings and is not restricted to the case 
of the complex numbers. 



5. New Addition formula (2-variable case) 
The first explicit main result of this paper now follows. 
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Theorem 5.1. Using the notation of the previous sections, we have 
(5.2) 

a(u + v)a(u + v*)a(u + v**) , . . . 

1 \3 ( w *\ f **\ — = y ^ ~ y (~ v > 

a[u) 6 a[v)a\v*)a\v ) 

= y{u) + y(v) + mx(v) + // 3 
= kp'(u) + p'(v)) + ^(p(u)-p(v)). 



Remark 5.3. We comment on how our formula is modified when spe- 
cializing the curve. 

1. For a fixed x, we have two points on the curve. If one point is 
denoted say (x, y), then the other point is (x, — y — ji\X — /i 3 ). In this 

situation, if u = ^ u then — u = J^ x ' v MlX ^ u. So, if we replace 
the sigma function in f I X . 2 f) in the Introduction by the most general 
sigma function f!2.6p . the left hand side of (II. 2p has the same form as 
equation ( II. 2p . The right hand side for the fully general curve ^ has 
exactly the same form as the right hand side of (11.21) . which can be 
easily checked. 

2. As we mentioned just after (I2.14p . when the parameters in (12.11) 
take values fii = fi2 = £*3 = 0, /i4 = —\g2, ^6 = — 1<73, the function 
p(u) defined by (12. 121) satisfies the classical equation ( II. ip . In this case 
the right hand side reduces to 

y( u ) - y(- v ) = \ {p\ u ) + p'( v )) 

by (I2.13P and (I2.14p . Although this is the same right hand side as in 
equation (II .4ft for the equianharmonic case, we note that the left hand 
side is more general. 

3. If we do consider the equianharmonic case (by setting further /i 4 = 
#2 = 0) then Theorem 15.11 reduces to Proposition 5.1 of [1], with equa- 
tion ( 15. 2 p becoming (ll.4p from the Introduction. 

Proof, (of Theorem 15.11 ) The left hand side of (15. 2p is a meromorphic 
function of both u and v. Using ( 13. 2 p and ( 12. 8p . we see the left hand 
side is invariant with respect to the transformations u i— > u+£, v i— > v+i 
for £ G A. Indeed, for the transformation u H- u + £, the exponent of 
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the exponential factor becomes 



L(u + v + \l, £) + L(u + v* + \£, £) + L(u + v** + \£, £) - 3 L(u + \l, £) 
= L(v + v* + v**,£) 



L(u + v + \t, £) + L(u + v* + \t, t) + L(u + v** + \t\ £**) 
- L(v + \i, i) - L{v* + \t y t) - L{v** + \t\ t*) 
= L(u,£) + L(u,t) + L{u,t*) 
= L(u,£ + t + £**) 
= L(u,0) 
= 0. 



Therefore, the left hand side is a function of u modulo A. It also has 
a unique pole at u = 0. It is well-known that such a function is a 
polynomial of p(u) and its higher order derivatives. In this case the 
poles are of order 3, so we need only use p and p'. Since the equation 
must be of homogeneous weight (weight —3 on both sides), we know 
that the left hand side must be of the form 

axp'iu) + a 2 p'{v) + bi/iip(u) + b 2 fiip(v) + Ci/ii 3 + c 2 /ii/! 2 + c 3 /i 3 

with absolute constants ai, a 2 , &i, b 2 , ci, c 2 and c 3 . However, for 
arbitrary fixed v , as a function of u, the left hand side has zeroes at 
u = —v, u = —v*, u = —v** (of order 1 each), and no other zeros. 
Using the fact that the p(u) is an even function we have that 

a 2 = ai (= a say), — b 2 — b\ (=6 say), c\ = c 2 = c 3 = 0. 

Substituting the truncated expansion ( 13.41) up to the constant term and 



= L(0,£) 
= 0, 

While for v h- > v + £, it becomes 



(I3"3j) into O gives 




Since 



p{u) = — + 



we find the coefficients are as stated 




2 ' 



□ 
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6. New Addition formula (3- variable case) 

The second main result below, is a natural three variable extension 
of Theorem 15 .1[ (see also [6] and [8]). 

Theorem 6.1. Let u, v, and w be three variables and denote, for 
brevity, (x u ,y u ) = (x(u),y(u)), (x v ,y v ) = (x(v),y(v)), and (x w ,y w ) = 
(x(w),y(w)). Using the notation in Sections |2] and [5J we have that 

a(u + v + w)a(u + v*)a(u + v**)a(u + w*)a(u + w**)a(v + w*)a(v + w**) 
a(u) 5 a(v) 3 a(v*)a(v**)o-(w)o-(w*) 2 o~(w**) 2 

is given by Yl^=o r i' where each is a polynomial in x u , x v , x w , y u , y v , 
y w , and the {/x,} and is of weight i in the {/x,}, and is given by 

{jJuVv VuVw VvVw x u x v x w ) [x u -\- x v -\- x w ^ 

2 2 2 2 2 2 

t± f^i(^x v x u y v -\- 2,x v x u y w -\- 2,y w x u -\- x w x u y w x w y u -\- x v x u y u 

2 2 \ 

x w y v x u -\- y v x u -\- y w x v j, 

/ 2 _ 2 , \ 2 _ / 2 _ _|_ 2 _|_ 2 

7*2 [X U X V X U X W ~r ywUu) t^l y^v'^w VvVu ~r X U X V ~r X U X W 

-\- 2,X V X W X U ywVu VwVv •Ev%u) •Eyp^w •^u-^v) 1^2) 

+ {yv + y w + y u )(x 

~h X V X W ~\~ X u X w ^j [X<2 "I - *£<u "I - ^w)^^^ 

n = lAvwHz - {yu - y w )niHi + (z/t. + yw + yu)^2, 

r 6 = -tA x uHi + (X u - X w )fi 3 fl 2 fil - (X u + X V + X w )(/i 2 /i4 — A*6 — /^); 

r 7 = 0, 

r 8 = -/ii/J 3 /i4 + (/ie + ^3)^2 - ^4- 

Proof. The left hand side of the desired formula is meromorphic in u, 
v, and w. Moreover, we can check easily that it is periodic with respect 
to A. Hence it may be expressed in terms of elliptic functions. Further, 
we can check that the left hand side has poles of order five each in u, v 
and w and so the right hand side must have an expression in p(u), p(v) 
and p(w) and their derivatives up to third order. More specifically, 
the right hand side will be a sum of terms, each a product of three 
functions, one in each of the variables and with all functions taken 
from the set {1, p, p', p", p'"}. Such an expression is clear from the 
linear algebra when considering the space of elliptic functions graded 
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by pole order, (for more details on such spaces see for example [2]). 
This also clarifies why r 7 = 0: since there is no elliptic function of 
weight 1 to include in the right hand side. 

The coefficients of this right hand side may then be determined using 
the series expansions of the functions discussed earlier. Since the left 
hand side is of weight —8 the expansions used need to contain terms 
with monomials in fii up to weight —8. Maple was used to implement 
this calculation. The right hand side presented above was then obtained 
by making the substitutions implied by (12.141) . □ 

Remark 6.2. Using the mappings in (12.141) we can rewrite the right 
hand side of the formula in Theorem (16.11) in terms of p and its first 
derivative. 

Remark 6.3. Let 

— X u + X v + X w + /!2, 

X u X v ~t~ X V X W ~t~ X U X W /^4 ~t~ f^lVw 

where the suffices of / are chosen to denote the weight. Each of these 
vanishes when v = u* and w = u** at the same time since then y{u) = 
y(u*) = y(u**) and x(u), x(u*), x(u**) are the three solutions of the 
cubic equation 

X 3 + fi 2 X 2 + (/x 4 - ii!y(u))X + y{u) 2 - /i 3 y(u) = 0. 

A calculation with Grobner bases implemented with Maple shows that 
the right hand side of the equation in Theorem (16. ip lies in the ideal 
generated by f 2 and / 4 . Specifically, we have that 

8 

where 

Qq y w fl-^ (/^4 X V X W •Eu-Ev) ^\ 

~\~ («£u/^3 X w y w X w y u "I - 2?/ujX u -|- X u y v ^j /ii 

- (x u x v + x v x w + x u x w )[i2 + f4 + (y v + y w + y u )i^3 - x u x\ + ^ 

2 2 2 

— X U X W -|- UwlJu X y X w -\- UvVu X V X W -\- UwUv X V X W X U X U \X^ 

Qi = {y U + ^3)^1 - (y"2 + Xv + Xw)lA + (X v + X w )ll 2 

2 2 
~T~ ^4 H~ X w ~\~ X V X W ~\~ X v . 

This expression, along with (13.31) shows that both sides of the equation 
in Theorem (16.11) vanish when v = u* and w = u**. 
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Remark 6.4. In Remark 15.31 we discussed how the 2-variable formula 
collapsed to known results when restricting the curve. We note here 
some similar restrictions for the 3- variable result. 

1. If iix = jJL 2 = /i3 = 0, ii 4 = ~\g2, /ie = -\93 in (ETTJ) , then the right 
hand side of the equation in (16.1 p becomes 

~tA + i92{p{vf + p(wf + p{uf) 

- p(ufp{wf - p{vfp(wf - p{ufp{v) 2 

(6-5) 

- z(p( u ) + p( v ) + p{ w )) \^p{u)p{v)p{w) + g 3 

- p'{u)p'{v) - p'(v)p'(w) - p'{u)p'{w)). 

2. If instead one simplifies by setting /xi = //2 = A*4 = then we 
of course get another simplification of the right hand side, but also a 
simplification of the left hand side. In this case x 3 is the only term 
in the curve equation with x and so the starred variables can all be 
described using roots of unity acting on the non-starred variables. So 
in this case we have 

(6.6) 

a(u + v + w)a{u+Qv)a{u+C, 2 v)a{u+Qw)a{u+C > 2 w)a{v+C l w)a{v+^ 2 w) 
a(u) 5 a(v) 3 a(Cv)a(C 2 v)a(w)a((w) 2 a(C 2 w) 2 

— {%v ~t~ %u ~t~ X w ^)[1q ~t~ {p^v ~t~ %u ~t~ ^u>)/^3 

(Vu ~i~ Dv Vw){Xv ~\~ x u + X lu )/J>3 x u x w x v x w x u x v 
{Xv X u + X w *) (x v X w X u DvVw UuUw VvVii)' 

3. The equianharmonic case is a subcase of the both the previous 
cases. Here we will have the simplified left hand side from ( 16. 6 p and 
a further reduced right hand side which may be obtained by setting 
g 2 = in (16. 5p . Using p-coordinates analogously to ( 11. 4ft . we have the 
right hand side 

\{p{u) + p(v) + p{w)){p'(u)p'{v) + p'{v)p'{w) + p\u)p'{w) 

-9s- 4p(v)p(w)p(u)) - p{ufp{vf - p{ufp{wf - p(vfp(wf. 

7. Further remarks 

1. In the rational case, /ij = 0, (<?j = 0), all the equations collapse to 
simple algebraic identities. 

2. For the equianharmonic curve y 2 = x 3 + fi$, there is an action of 
the group of the sixth roots of unity acts on this curve, and on the 
coordinate space C of p{u) and a{u). Let ( = exp(27r*/3), a third root 
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of unity. In [3], we gave a 3- variable formula of the form 

a{u + v + w)a{u + (v + ( 2 w)cr(u + ( 2 v + (w) 

as a polynomial of p{u), p(v), p(w), and their first order derivatives. 
If we consider a naive generalization of this in our setting, namely, 

a(u + v + w)a{u + v* + w**)a(u + i;** + 
cr(M) 3 cr(u)(T(v*)(j(v**)(j('t/;)cr('u;*)cr(u'**) 

we find this is no longer a periodic function with respect to A, as may 
be checked by the translational formula (I2.9p . This means that, if we 
increase v to v + £ (and similarly for w), the factors which appear in 
( 12. 9p do not cancel out. 

3. As described in Theorem 14.11 there will be generalisations of such 
formulae to cases with n variables. However, we find that trying to 
derive the expanded form of the right hand side in the 4-variable case 
using naive series expansions greatly exceeds the memory limits of the 
current machines available to us. We expect that progress would follow 
from the discovery of a more compact expression for these right hand 
sides, for example, as a determinant. 

4. Our result might be generalized to higher genus curves. For exam- 
ple, the natural analogue for Theorem 15.11 for the curve 

y 2 + (fiix 2 + /i 3 x + fi 5 )y = x 5 + /i 2 x 4 + /i 4 x 3 + fi G x 2 + /i 8 x + fi w 

could be obtained by considering five roots of x for a fixed y. 
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